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Abstract

Finite element analyses (FEA) were performed to thoroughly validate the collapse criteria of cellular materials pre-
sented in our previous companion paper. The maximum stress (von-Mises stress) on the cell strut surface and the plas-
tic collapse stress were computed for two-dimensional (2D) cellular materials with thick cell struts. The results from
the FEA were compared with those from theoretical criteria of authors. The FEA results were in good agreement with
the theoretical results. The results indicate that when bending moment, axial and shear forces are considered, the
maximum stress on the strut surface gives significantly different values in the tensile and compressive parts of the cell
wall as well as in the two loading directions. Therefore, for the initial yielding of ductile cellular materials and the frac-
ture of brittle cellular materials, in which the maximum stress on the strut surface is evaluated, it is necessary to con-
sider not only the bending moment but also axial and shear forces. In addition, this study shows that for regular cellular
materials with the identical strut geometry for all struts, the initial yielding and the plastic collapse under a biaxial state
of stress occur not only in the inclined cell struts but also in the vertical struts. These FEA results support the theoretical
conclusion of our previous companion paper that the anisotropic 2D cellular material has a truncated yield surface not
only on the compressive quadrant but also on the tensile quadrant.
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1. Introduction

In practice, we often encounter cellular materials
which have a network of doubly tapered struts in their
microstructures, such as trabecular bones. However,
in order to analyze the strength of cellular materials,
past investigators [1-5] used simple beam theories
which are only valid for cellular structures composed
of uniform struts. Recently, many researchers have
used computer models with multiple cells, and in-
cluded various imperfections and irregularities [6-16].
Kim and Al-Hassani [17, 18] proposed the plastic
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collapse criteria for cellular materials composed of
doubly tapered struts have been analyzed under uni-
axial and biaxial loading conditions. They [17, 18]
analyzed the effect of doubly tapered strut morphol-
ogy on the plastic yield surface of cellular materials.
Their results [17, 18] indicated that the anisotropic
honeycomb of Gibson and Ashby [5] has a truncated
yield surface not only on the compressive quadrant
but also on the tensile quadrant.

One of main aims of this study is to validate the
collapse criteria developed by Kim and Al-Hassani
[17, 18] by using the finite element method. The re-
sults from the FEA are compared with those from
their theoretical criteria. In addition, the maximum
stress (von-Mises stress) on the strut surface of cellu-
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lar materials is analyzed and compared with the re-
sults from the FEA.

2. Analysis

2.1 In-plane plastic collapse stress of hexagonal
cellular materials

In the present study, the results of Kim and Al-
Hassani [17, 18] are extended to those for the maxi-
mum stress on the strut surface.

In the hexagonal cellular structure as shown in Fig.
1 [18], the overall yield surface for this structure has
been shown to consist of intersection surfaces of par-
ticular collapse modes. Under an in-plane biaxial
stress state, collapse modes are characterized as
‘Mode ¢ ‘Mode #’ and ‘Mode ¢ _ex’, depending on
which parts of struts fail, as described by Kim and Al-
Hassani [17, 18]. When the action of two principal
tensile stresses coincides with the axes of symmetry
of the structure, characteristic plastic collapse modes
for the hexagonal cellular structure with a rectangular
cross-section in its strut are given in Table 1. Upon
substitution for Z, =bt(x,)’/4, A, =bt(x,), 4 =10
and A4, = A,y = bty, the equations given in Table 1
reduce to those for honeycombs composed of doubly
tapered struts.

Unit cell

Unit cell

Xa

h+ésing
X

Fig. 1. Hexagonal model of rod-like columnar structure and
unit cell.

Table 1. In-plane plastic collapse stress for general hexagonal columnar structures [9, 10].

Mode Plastic collapse stress Axial stress
o 27, 1] “ > - a,ll,(h/{+sind)cost
o, ML (h/C+sin@)sing o, ‘ A,
Mode / o, Z, 2 e - 0,00 sinfcosf
(Uniaxial) o, A ( cos’d o ‘ A,
2
Ta_ 2 2 - o 7,00 {1+ (h/)sin6}
o, U\ (h/0), cost ‘ A,
Oy A
Mode & o, 2Ll cost
(Uniaxial) T _ z, 1
o, 0 (\/0C cost
9 4
Mode / ex o, U (cotd+tan)(h/ L +sinf)sind
(Biaxial) o 4,
w L0, (coth+tanf)cos’
Mode h O A
(Biaxial) o, 2Ll cost




D. Lim et al. / Journal of Mechanical Science and Technology 22 (2008) 835~845 837

2.2 Stresses on the strut surface of cellular materials

In a uniform strut the maximum normal stresses
always occur at a cross section of maximum bending
moment. This is because the stress varies along the
axis of the beam in the same manner as the bending
moment. However, this conclusion does not neces-
sary apply to non-uniform struts, because for such
beams the stress varies along the strut axis not only in
proportion to the bending moment but also in inverse
proportion to the second moment of area of the cross-
section. In addition, the distribution of shear stresses
in a non-uniform strut is quite different from that in a
uniform strut. Gere and Timoshenko [19] derived an
approximate expression for the shear stress that in-
corporated the effect of changing cross section of the
strut. They described that if the cross-sectional di-
mensions change gradually along the strut length,
normal and shear stresses can be calculated, with
good accuracy, respectively, from the flexure formula
and the approximate expression for the shear stress
presented by them. Thus, their approximate equations
are used in this study.

2.2.1 Normal stress on a non-uniform strut

In the hexagonal cellular structure as shown in Fig.
2 [18], the remote stress o; in the X, direction pro-
duces stress resultants in the form of axial forces (R =
Pcos@), shear forces (V' = Psin@) and bending mo-
ments (M = Vx) on the in-plane ¢ struts. For elastic
deformations, the state of stress associated with each
of these stress resultants is linearly related to the
strain, so the principal of superposition is applicable.
Thus, for a cross section at distance x from the mid-
span of the struts, the total normal stress o, acting on
the strut surface is the sum of contributions from the
individual stress resultants as follows:

Vx R
o= +
TOS(x)  Ax)

)

where S(x) is the section modulus of the cross-
sectional area A(x), R is positive when it produces
tension, and Vx is positive according the bending-
moment sign convention.

From Fig. 2, we have P =o,(h+ (sinf)¢,, which
makes equation (1)

; 00, (h/L+sinf)cosd

o, _ [€6,(h/L+sinf)sinb]x
o, S(x) A(x)

@
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Fig. 2. Forces and moments on the ¢ strut due to the uniaxial
stress in the X direction: (a) the unit cell; (b) Mode ¢.

Table 2. Normal and shear stresses on the strut surface of
hexagonal columnar structures.
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The summary of axial forces R, shear forces V" and
bending moments Vx for other collapse modes is
given in Table 2.

2.2.2 Shear stress on a non-uniform strut

In the case of a strut of rectangular cross section
(I(x)= bt(x)’/12) with constant width b and varying
thickness #(x), shear stress 7., in a non-uniform strut
is given as [19]:

L Vo M)
Y I(x)b - 4I(x)

(€)

|01 | di)
I(x) | dx

where Q; is the first moment of the cross-sectional
area of the strut above the level y; at which the shear
stress acts and Q, = b/2(h*/4—y}) for rectangular
cross section.

The shear stress 7, at any cross section is dependent
not only upon the shear force V' but also upon the
bending moment M = Vx and the rate of change of
#(xx) with respect to x.

When O, = 0 (at the top and bottom surfaces of the
strut), equation (3) reduces to:

_ Vxt(x) dt(x)

T T (x) dx @

which shows that unlike the case of uniform struts the
shear stress on the outer surfaces of non-uniform
struts is not zero, except that it is zero at the mid-span
of the strut. Therefore, we incorporate both normal
and shear stresses in the combined stress resultant on
the outer surfaces of non-uniform struts.

The expressions for shear force V for other collapse
modes are summarized in Table 2. Upon substitution
for I(x)=bt(x)'/12, S(x)=bt(x)’/6, A(x)=0bt(x),
Ay = Ajo = bty and ¢, = b, equations given in Table 2
reduce to those for the 2D cellular material. In the
present study, the strut material is assumed to satisfy
the von-Mises yield criterion with uniaxial yield
stress o;,. Thus, the von-Mises stress o, on the exter-
nal surfaces of a non-uniform strut for this combined
state of stress becomes:

o, = o’ +37’f_}, . ®))

Taking the derivative do,/dx and equating it to zero
gives the location where o, is a maximum.

2.3 Finite element methodology

Kim and Al-Hassani [20] predicted the effective elas-
tic constants of 2D cellular materials with thick cell
walls by using modified unit cell approaches. In the
present study, the loading and boundary schemes
described by Kim and Al-Hassani [20] are extended
to those under a biaxial loading condition as shown in
Table 3. The schemes under uniaxial loading condi-
tion are similar to those of the compliance matrix
method for the effective elastic constants described by
Kim and Al-Hassani [20]. Fig. 3 shows the loading
and boundary schemes under biaxial loading condi-
tion, used in the ABAQUS input data file, to evaluate
the maximum stress on the strut surface and the plas-
tic collapse stress of 2D cellular materials with thick
cell struts. Auxiliary nodes (Nodel, Node2, Node3,
Node4) used for defining applied load and boundary
conditions are also shown in Fig. 3. The auxiliary
nodes associated with each face were constrained
with the nodes on that face. Two faces of the unit cell
were fixed in the X; and X, directions, respectively,
to prevent rigid body movement. Two unconstrained
faces were subjected, through the associated auxiliary
nodes, to the in-plane loads that were generated in
each face. The schemes under uniaxial and biaxial
loading conditions are summarized in Table 3. From
these schemes, the maximum stress on the strut sur-
face and the plastic collapse stress can be computed
directly and easily.
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Fig. 3. Unit cell of a typical hexagonal honeycomb with
tapered strut morphology, showing the applied loading and
boundary conditions to evaluate the maximum stress on the
strut surface and the plastic collapse stress under biaxial
loading condition.
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Table 3. The loads and boundary conditions (for the compliance matrix method) applied to the faces via the associated auxiliary
nodes of the unit cell used to calculate the maximum stress on the strut and the plastic collapse stress.

Loading direction and boundary conditions
Stress factors "
Nodel Node2 Node3 Node4 Loading
Mode
oo, (@) /a, YFIX® XCLOAD? FREE XFIX Direct
(Uniaxial)
a,lay, (@), )0, YFIX FREE YCLOAD XFIX Direct
(Uniaxial)
. ) 2 Shear
o, /Ty, (Tala, XFIX YCLOAD XCLOAD YFIX e
(Uniaxial)
o,/o,,0,/l0 :
' ’ YFIX XCLOAD YCLOAD XFIX Direct
o/o,, alo, (Biaxial)

(1): XFIX and YFIX indicate fixity in the X, and X, directions.

(2): XCLOAD and YCLOAD indicate the application of a concentrated point load equivalent to unit nominal stress on the unit

cell in X, and X, directions, respectively.

Unit

X

X
(a) Plan view
Hx)=2t, /247 -
o2
Tt cell
/
X

(b) Geometry of unit cell

Fig. 4. Typical cellular material with thick cell struts: (a) plan
view; (b) geometry of unit cell.

Fig. 5. Plan view of an anisotropic cellular material (h/¢=2,
=45°and #/¢=0.1).

3. Results

The standard (implicit) version of the ABAQUS
FE code was used to compute the maximum stress
(von-Mises stress) on the strut surface and the plastic
collapse stress for 2D cellular materials with thick cell
struts. Plan views of 2D cellular materials analyzed in
this study are shown in Figs. 4 [21] and 5. The FE
analysis provides results that are in good agreement
with the theoretical results.
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3.1 Regular cellular material with doubly tapered

struts

At large relative densities above about 0.3 (30%),
the material is better thought of as a solid with holes
in it, not as a cellular material [5]. This study was
concerned with the true cellular materials, and thus
with relative densities of less than 0.30. Therefore, as
an example of regular cellular materials with doubly
tapered struts, perforated plates with relative densities
of 0.1815 and 0.2654 were analyzed for this study.
The maximum stress (von-Mises stress) on the strut
surface and the plastic collapse stress for the cellular
materials were analyzed under uniaxial and biaxial
load schemes given in Table 3. The results from the
FE analysis are compared with those of theoretical
equations (Tables 1 and 2) in Tables 4-7, in which
p, represents the relative density of these 2D cellu-
lar materials.

Tables 4 and 5 show that under uniaxial loading,

bending is the dominant mode for the maximum
stress on the strut surface, but axial and shear loads
are also important modes to be considered. When
bending moment, axial and shear forces are consid-
ered, 0/0y and o,/0; provide significantly different
values in tension and compression parts of the strut as
well as in the X, and X, directions. These results are
in a good agreement with the results of FEA. How-
ever, for the plastic collapse stress under uniaxial
loading, the bending moment is highly dominant and
the contribution of the axial load is small compared
with that from the bending moment as shown in Ta-
bles 6 and 7.

Under biaxial loads, ‘Mode ¢ ex’ and ‘Mode #’
may occur at the same time because both modes have
the same stress value as shown in Tables 4~7. Figs. 6
and 7 show contour plots for the stress factors of the
regular honeycombs with doubly tapered struts under
uniaxial and biaxial loadings.

Table 4. Maximum stress on the strut surface (von Mises stress) for the regular hexagonal honeycomb with tapered strut mor-
phology, normalized with regard to applied stress ( p;, = 0.1815, E = 2x10° Nmm?, v = 0.3 and G = 0.7692x10°Nmm™).

Stress analysis condition
Stress factors
ABAQUS . . . Bending+Axial
+
(plane stress) Bending Bending+Axial +Shear
Mode / 65.7 51.8 63.3 65.3
(tension part) (1.82) (1.76) (1.64) (1.74)
o, /0, (Uniaxial)
Mode / 4.6 51.8 40.7 449
(compression part) (-2.03) (-1.76) (-1.90) (-2.08)
Mode / 57.8 51.8 55.6 58.1
o /o (tension part) (-1.90) (-1.76) (-1.72) (-1.84)
e 2
(Uniaxial) Mode / 50.1 518 480 513
(compression part) (1.95) (1.76) (1.80) (1.95)
Mode h 125.5 119.6 119.6 126.3
o/t (tension part) (1.86) (1.76) (1.76) (1.89)
e 12
(Uniaxial) Mode & 125.5 119.6 119.6 126.3
(compression part) (1.86) (-1.76) (-1.76) (-1.89)
a,/o, Mode / ex 20.7 i 20.0 20.0
(Biaxial) Mode h (0.0) (0.0) 0.0
a,lo, Mode /_ex 20.7 i 20.0 20.0
(Biaxial) Mode h (0.0) (0.0) 0.0

The values in parentheses are those of x for which each stress factor is a maximum.
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Table 5. Maximum stress on the strut surface (von Mises stress) for the regular hexagonal honeycomb with tapered strut
morphology, normalized with regard to applied stress ( p,, =0.2654 , E = 2x10°Nmm?, v = 0.3 and G = 0.7692x10°

Nmm™).
Stress analysis condition
Stress factors ABAQUS Bendinet Axial
. . . ending+Axial
+
(plane stress) Bending Bending+Axial +Shear
Mode / 26.0 17.7 235 24.9
o./o, (tension part) (2.46) (2.40) 2.17) (1.74)
(Uniaxial) Mode / 14.2 17.7 122 16.0
(compression part) (-3.08) (-2.40) (-2.67) (-3.28)
Mode / 22.0 17.7 19.6 21.5
o lo, (tension part) (-2.68) (-2.40) (-2.32) (-2.67)
(Uniaxial) Mode / 18.0 17.7 159 185
(compression part) (2.99) (2.40) (2.48) (2.95)
Mode 4 46.2 41.0 41.0 46.1
o7, (tension part) (2.89) (2.40) (2.40) (2.80)
(Uniaxial) Mode / 46.2 41.0 41.0 46.1
(compression part) (2.89) (-2.40) (-2.40) (-2.80)
o,lo, Mode /_ex 10.7 ) 10.0 10.0
(Biaxial) Mode (0.0) 0.0) 0.0)
o,/o, Mode /_ex 10.7 ) 10.0 10.0
(Biaxial) Mode h (0.0) 0.0 (0.0

The values in parentheses are those of x for which each stress factor is a maximum.

Table 6. Plastic collapse stress for the regular hexagonal
honeycombs with tapered strut morphology, normalized with
regard to material yield stress ( p,, = 0.1815).

Table 7. Plastic collapse stress for the regular hexagonal
honeycombs with tapered strut morphology, normalized with
regard to material yield stress ( p,, = 0.2654 ).

Stress analysis condition Stress analysis condition
Stress factors Stress factors
ABAQUS . Bend- ABAQUS . Bend-
(plane stress) Bending ing+Axial (plane stress) Bending ing+Axial
@) /0, 0.0264 00290 | 0.0263 @) /o, 0.0689 00846 | 0.0704
(Uniaxial) | Mode/ (1.69) (1.76) (1.65) (Uniaxial) | M%7 | 2.074) 2397) | @.1215)
@)/, 0.0287 00290 | 0.0286 @)/, 0.0794 00846 | 0.0825
(Uniaxial) | M%7 | (176 176) | (175 (Uniaxiah) | MO | a500) | (2397) | (2363)
T )lo,, 0.0125 00125 | 00125 " )nla, 0.0353 00366 | 0.0366
(Uniaxial) | M9e% | (1 80) (1.76) (1.76) (Uniaxial) | M%7 | (2375) (2397) | (2.397)
o,/o, |Model ex 0.0509 _ 0.0500 o /o, |Model ex| 0.1029 ) 0.1000
(Biaxial) | Mode h : (0.0) (Biaxial) | Mode & (0.0) (0.0)
o/o, [Modelex| oo ) 0.0500 o,/o. |Model ex| 0.1029 ) 0.1000
(Biaxial) | Mode & : (0.0) (Biaxial) | Mode & (0.0) (0.0)

The values in parentheses are those of x for which each stress
factor is a maximum.

(0 = INmm?, £ = 2x10°Nmm?>, v = 03 and G =
0.7692x10°Nmm).

The values in parentheses are those of x for which each stress
factor is a maximum.

(6 = INmm?, £ = 2x10°Nmm?, v = 03 and G =
0.7692x10°Nmm™).
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(a) o0,/0, (Mode ¢under uniaxial loading)

(¢) o,/7, (Mode h under uniaxial loading) d) o,/0,, 0,/0, (Mode¢ ex, Mode / under biaxial loading)

a

® @)/,

(@) (r,),/0, (Mode hunder uniaxial loading)  (h) ¢,/0,, 0,/0, (Mode ¢ ex, Mode & under biaxial loading)

Fig. 6. (a) to (h) Contour plots for the stress factors of the regular cellular material with doubly tapered struts ( p,, = 0.1815).
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amgen ves TATE) 04-EE-130

() (0,),/0, (Mode ¢under uniaxial loading) ) (0}),/0, (Mode ¢under uniaxial loading)

(&) (7),/c, (Mode hunder uniaxial loading) (h) o,/0,, o,/0, (Mode¢ ex, Mode & under biaxial loading)

Fig. 7. (a) to (h) Contour plots for the stress factors of the regular cellular material with doubly tapered struts ( p;, = 0.2654 ).
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3.2 Anisotropic honeycomb with uniform struts

Fig. 5 shows the unit cell model for an anisotropic
honeycomb (4/l =2, 6= 45° and #/] = 0.1) of Gibson
and Ashby [5]. They described that the plastic yield
surface is truncated only on the compressive side by
the elastic buckling failure surface.

In the present study, the plastic collapse stress for
the anisotropic honeycomb was analyzed under biax-
ial load schemes given in Table 3. As a result, the
plastic yield stress due to the collapse ‘Mode #’ is o>
= 0.0710;, which is the same as that analyzed by
Kim and Al-Hassani [18]. This result supports the
theoretical conclusion of Kim and Al-Hassani [18]
that the anisotropic honeycomb of Gibson and Ashby
[5] has a truncated yield surface not only on the com-
pressive quadrant but also on the tensile quadrant.
Thus, this anisotropic honeycomb has no extreme
point (‘Mode ¢ ex’) at which the two yield surfaces
intersect in the tensile quadrant. Fig. 8 shows the con-
tour plot for the plastic collapse ‘Mode #’ under a
biaxial loading condition.

4. Discussion and conclusions

The FE analysis presented here using the implicit
version of the ABAQUS code generates results that
are in excellent agreement with those from theory.
The results from the FE analysis also favorably sup-
port collapse criteria developed by Kim and Al-
Hassani [17, 18]. The fundamental advantage of the
technique employed here is that it is relatively easy to
use and is independent of the type of cellular material.
Once a unit cell of a cellular material is identified, the
analysis can be implemented in the same manner as
outlined in this study.

Fig. 8. Contour plot for the plastic collapse stress (Mode /) of
an anisotropic cellular material (h/¢=2, 6= 45° and #/¢=0.1)
under biaxial loading condition.

The results indicate that when axial and shear
forces are neglected, a regular hexagon has the same
uniaxial stress value in the X, and X, directions, as
Gibson and Ashby [5] mentioned. However, when
bending moment, axial and shear forces are consid-
ered, the maximum stress on the strut surface gives
significantly different values in the tensile and com-
pressive parts of the strut as well as in the X; and X,
directions. Thus, for the initial yielding of ductile
cellular materials and the fracture of brittle cellular
materials, in which the maximum stress on the strut
surface is evaluated, it is necessary to consider not
only bending moment but also axial and shear forces.

In the case of the plastic collapse stress, the bend-
ing moment is highly dominant. The contribution of
the axial load to the plastic collapse stress under uni-
axial loading is small compared with that from the
bending moment, although in the biaxial case it can
be the dominant contribution to the plastic collapse.

It is also found that if the strut material of cellular
materials has the same tensile and compressive
strengths, the initial yield occurs in the tensile part of
the strut surface for uniaxial tensile loading, while it
does in the compressive part of the strut surface for
uniaxial compressive loading. In addition, this study
shows that for regular cellular materials with the iden-
tical strut geometry for all struts, the initial yielding
and the plastic collapse under a biaxial state of stress
occur not only in the inclined cell struts but also in the
vertical struts.

The results of the FEA support the theoretical con-
clusion of Kim and Al-Hassani [18] that the anisot-
ropic 2D cellular material of Gibson and Ashby [5]
has a truncated yield surface not only on the compres-
sive quadrant but also on the tensile quadrant.
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Nomenclature

A(x) : Area function of cell walls
b : Cell wall depth of cellular materials
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E : Effective Young’s modulus of cellular materials
E  :Young’s modulus of solid material

G : Effective shear modulus of cellular materials

G : Shear modulus of solid material

h,l : Cell wall lengths of cellular materials

I(x) : Second moment of area of cell walls

k  : Shear correction coefficient

M, : Axial compliance of the cell wall with length /
M, : Axial compliance of the cell wall with length /
N, :Bending compliance of the cell wall with

length &

N, :Bending compliance of the cell wall with
length /

v : Effective Poisson ratio of cellular materials

v : Poisson ratio of solid material

£ v - Relative density of cellular materials
o, :Von-Mises stress on the surfaces of non-
uniform struts
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